FDU: A CASE STUDY OF THE PROCESS OF HIGHER EDUCATION1

Rinaldo H. Toporovsky, Faifleigh Dickinson University

A. Introduction

Social scientists have tradition-
ally looked outside of their own commu-
nity for problems requiring rational
analysis and solutions. As educators,
they have tried to enlighten their stu-
dents on the quantitative properties of
processes taking place outside of their
own classrooms. However, until recently,
the quantitative properties of one of
their most important activities, the ed-
ucational process itself, have remained
outside the social scientists' purview.
While refusing to .heed intuition in other
areas of human endeavor, social scien-
tists have tended to rely on guesswork
as a basis for decision-making within
their own classrooms.

Indeed, education is a major area
of public decision-making and concern.
Respectable theories have been built
using education as one of the main compo-
nents of human capital, and thus as one
of the main determinants of private in-
come and wealth.2 The possibility of af-
fecting the income and wealth distribu-
tion of the population by means of ratio-
nal educational policies thus becomes
clear and desirable. Nevertheless, edu-
cational levels cannot be controlled un-
less the learning process is clearly un-
derstood. \

In the last few years, economists
have produced a large and evergrowing,
collection of "production-function" stu-
dies. These studies have tried to estab-
lish how resources are allegedly used in
the attainment of. alternative levels of
production. Functions having a priori
desirable properties, such as the C-D
and CES production functions have been
called upon to link inputs and outputs in
specified ways. However, it is well
known that the power of these hypotheses
is small; alternatively highly probable
explanations usually offer conflicting
views of the empirical findings. In the
field which concerns us now, input-output
relations, having uncertain .empirical
properties, have multiplied in number ~-

leaving the educational researchers with

the same unanswered questions that baf-
fled their methodological predecessors.
Other social scientists, having
developed no vested interests in the em-
pirical viability of partial technologi-
cal relations, have tried to explain the
process of education in terms of socio-
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economic determinants. Unfortunately,
the latter type of studies have tended to
disregard the a priori properties of

‘their postulations -- increasing the

likelihood of confounding.

In this paper, I will develop a
theory of educational decision-making,
and summarize its empirical implications
upon a specific sample of data on higher
educational variables, drawn from Fair-
leigh Digkinson University's student pop-
ulation.” The theoretical approach will
focus upon the implications of con-
strained decision-making. The observed
differences in student achievements, or
educational outcomes, will not only be
connected with technological and endow-
ment differences, as it is true of the
traditional "production-function" studies
but also with aspirations, or goal varia-
tions. However, the interactions between
goal and technological relations will be
established iteratively, in order to de-
termine the separate impact of each of
the two sets of variables respectively.
The empirical approach will be Bayesian
in nature, in the sense -that the data
will be used to infer the theoretical
classifications. In other words, rather
than "explain” achievement levels, I will
use the observed levels of achievement in
order to determine the likelihood of the
postulated theory.

B. An Exact Decision-Making Theory

1. The empirical manifestations of
the relations existing between education-
al inputs and outputs are not independent
from the goals and objectives of the in-
dividuals and institutions involved. It
is only commonsensical to link student
achievement to own evaluations of educa-
tion -- or to the educational policies of
the colleges in question. Thus, unless
the crucial role played by goals and ob-
jectives is clearly recognized at the
outset, any predictive statement of stu-
dent behavior, failing to take it explic-
itly into account, will be subject to an
uncertain degree of bias.

2. In a restricted sense, given our
ignorance of the student's spectrum of
goals, resources and technological con-
straints, we could linearly approximate
the decision-making problem of the stu-
dent as follows:

max U= u'x s.t. (I Z:IIX\.g. )= b, where

u'= vector of individual, ordinal prefer-



ence weights with respeect to the various
X, U= scalar representing level of goal
attainment, x= vector of outputs -- edu-
cational, recreational, work, or goals of
the individual student, Z= matrix of ed-
ucational, recreational, work technology
coefficients, I= identity matrix, b=
vector of given resource constraints, s=
vector of slack variables associated with
the vector of endowments b.

Consider Zp as the optimal basis
for the problem at hand, such that x¥*,
are optimal if and only if x*.=0 for
z'jc*duy, and c*j=0 for zjx*<bj. These
conditions imply that students will nei-
ther choose to produce any output x*. for
which its ordinal returns per unit -= the
price of x*j, uj -- are smaller than its
imputed costs, Zjc*, nor consider any re-
source which remains unused valuable.

At the optimum, which is an extre-
mum, or a set of extrema, Zgx*= b or
Zgl (b)= x*. Thus, for any output x*=

c*

(Zgl)x b, and x*>0 if and only if
Z&(leCj)1u{<O -- where the subscript 13

indicates the matrix element in row 1 and
column j. These necessary and sufficient
"marginal” conditions could also be re-
stated as follows:

(ZB)j= (‘H_/CJ). j= 1, 111, n.

If we let x* stand for a particular
educational output, and b for a column
vector whose elements are the levels of a
chosen set of educational resources, we
may state the strong hypothesis that edu-
cational outputs are a function of educa-
tional inputs. This is a strong hypoth-
esis because we are assuming both a spe-
cific linear form for our approximation
and a given evaluation of educational
outcomes. Moreover, assuming that stu-
dents decisions approach optimality, we
will conclude that those resources which
do not appear to be used in the achieve-
ment of a particular educational goal
have a negative yield -- returns on their
use are less than their costs.

Take, for instance, cumulative
grade averages. Students having a given
level of intelligence, faculty assistance,
library use, etc. will achieve, according
to our postulation, the same grade aver-
age if their evaluation of different
grade averages is consistent as well.
is worth emphasizing that two students
with the same resources may achieve dif-
ferent grade levels because their goals
are dissimilar.

It
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C. Statistical Methodology: Parameter
Estimation

1. Our methodology will be perfectly
general, and thus applicable to any per-
ceived educational output. Since our
preliminary empirical tests concentrate
on cumulative grade averages, we will
phrase our statistical considerations in
terms of those variables -- without loss
of generality and for ease of under-
standing. According to our hypothesis,
student cumulative grade averages, as an
educational output, may be expressed as a
linear combination of student resources,
provided the subjective, relative evalua-
tion of the importance of grades is main-
tained constant within each grade group.
Empirically, this hypothesis implies that
we should expect students in different
cumulative grade average classes- to ex-
hibit, respectively, characteristic pat-
terns of resource endowments and use.

For each grade level x. -- F, D, C, B, A,
-- we will compute a vector (z-1);, such
that the resulting sample scalar
(Z'l)l_b.a= X1a for each of the students,
a= 1, 2, ny, in that grade class
will minimize the probability of classi-
fying that student, a, in a grade level
other than that in which he is observed.
b, a is an (mxl) column vector of m re-
source levels for student a. In other
words, given several groups of students
exhibiting grade averages ranging from F
to A, we want to determine a set of con-
stants for each group such that the cor-
responding linear combinations of stu-
dent resources will yield for each group
respectively a range of scalars which min-
imize the probability of misclassifica-
tion.

2. Consider the following matrix
observations: B= /pjj/, with typical
ment bj4, where i= resource variable
der considerations, i= 1, 2, r,
j= ordered student number, j= 1, 2,
P
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Order the columns of B in such a
to the
next to
last np
the
students

-, n,;.

way that the first nj correspond
lowest grade students, nj; to the
the lowest grade, etc. up to the
observations -- corresponding to
highest cumulative average grade
Define S= D _— p
BB' - n_bb' Z n_)-p),
( ?51 ( 1 )/((1=1 1) p)
where 5(blb2b3...bh)', and 5i=

P P

(bj xI)/&, n; —- I is an (f;% n,)x1
column vector of ones -- as the ypbiased
or pooled covariance matrix for the whole
sample.



Then, for each grade group, the
maximum likelihood estimates of (Z’l)l
will be as follows:

(z71); =((-% b_1's715_)) (B,1's71)).>

where b.= (bl' 1/ n,) (b2'I/n1) een
(hm/I/pl) and’'I is a (§;l n;x1) vector,

with ones corresponding to students who
got grades Xy and with zeroes elsewhere.
It is worth remlndlng the reader that

(2~ 1 ) - (Z' ) =D;x for k # 1 represents
the dlscrlmlnant functlon coefficients
between groups 1 and k. 1In thls particu-
lar case, we have a total of (p -p)/2
discriminant functions.

3. Some observations will, appear to
be inconsistent, in the sense that, ac-
cording to resources, students will be
classified in grade groups different from
those in which they were actually ob-
served. We may infer, from our previous
analysis, that such inconsistencies are
due to goals differences. We strongly
hypothesize that, for instance, all A
students observed classified as B, C, D,
or F, according to their resource endow-
ments, attained the highest grade as a
consequence. of their different ewvaluation
of grade outputs. In order to identify
such differences, we will associate goal
levels with a relevant set of socio-psy-
chological background variables. In sym-
bols, we will consider the following
llnear approx1matlon-

ull*- K.g® where u2, *= value of cumula-
tive grade average to student a, who at-
tained a level X;* but appeared, in terms
of resources, to belong to the group X1
l1=A, B, C, D, F, K=(1lxm) vector of mar-
ginal, constant goal contributions, m=
total number of socio-psychological back-
ground variables, p= total number of
grade groups, g2= (mxl) vector of socio-
psychological background variable levels
corresponding to student a.

In passing, it may be noted that
an ordinal notion of the marginal costs

of the resources employed by students in ,

each grade classification may be gained
from the following relation:

(z=1) l*u ll*=c 1*, which defines, given
the programming equilibrium conditions,
the implied cost of such resource endow-
ment, at the margin, for a student at-
taining a grade level 1*, but belénging
to the resource group l. In general,
since K g= u,,,, We may state that c ,*=
((z'~ )1* K. g for each 1, 1*, K trlplet
applicable.

4. In sum, the statistical methodol-
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ogy which will be applied, in order to
identify endowment and goal influences at
each cumulative grade level may be sum-
marized as follows:

(a) Classify students according
to cumulative grade levels.
Estimate a set of "marginal
product" coefficients for
each group, in order to ex-
plain grade differences in
terms of resource endowments
and utilization.

Estimate a set of "marginal
goal contribution" coeffi-
cients for each group of
similarly misclassified stu-
dents within each originally
observed grade, in order to
explain switches in terms of
socio-psychological back-
ground variables.

5. In the first iteration, once the
inputs considered of importance have been
isolated for each grade group, it becomes
important to determine which variables
appear to be instrumental in promoting
students to cumulative grade averages
other than that which they have attained.
Given five grade levels, techniques of
producing grades, there are ten possible
distinct movements we may examine. 1In
other words, we may ask the following
types of questions: if, according to ob-
served results, a student attained a B
average, and he wants to promote his
grade to the A level, should he increase
hours of library study, and/or cut down
part time work activities, and/or seek
enlarged faculty assistance, etc.? Simi-
larly, in the second state or iteration,
we want to determine those socio-psycho-
logical background variables which appear
to induce grade-attainment inconsisten-
cies.

(b)

Statistically, those marginal "ex-
pansion" coefficients can be defined as:
s-1(6 ;-b_ k)—((z-l) 1—(Z‘ x)) for all
groups, 1+k, and upon pa1rw1se comparison.

D. Statistical Methodology: Sample

Distribution

1. Total Distance

Whether the optimal classification
is statistically significant, or just a
"figment of sampling variation" may be
determined in terms of the distance be-
tween the mean vectors of the optimal
groupings and that_of the total sample.
P. C. Mahalanobis'7generalized distance
measure may be applied, and its signifi-
cance determined, for samples of the
size we will consider. For example, for
the first iteration, on educational re-



sources,
E o_ - - -
M=ZA(b1-B) s-1 (bl-B) where M= gener-

alized Mahalanobis distance, b= vector of
resource means for grade leve 1, b=
(b'i/p), p= total number of resource
%oups -- as the reader may recall from
ghe previous discussion -- i= a vector of
ones (lxr), and r= number of resource
constraints at the optimum. M has a7(3
distribution with px(r-1) degrees of
freedom.
2. Intergroup Distances
Testing whether the groups' mean

vectors of resources are significantly
different from the sample's total mean
resource vector or not gives us a general
idea of the statistical validity of our
hypothesis. However, we may want to test
the statistical significance of the
(px(p-1)/2) distances among the mean re-
source vectors, upon pairwise comparison,
of the p groups. 1In this regard, we may
recall that

2___-1-1—__ -
T* —(bl bk) S (bl bk). ((nl+nk) l)lﬁk'

where T*2= Hotelling's T2, which trans-
forms, upon multiplication by

(nl+nk-r)/r(n1+nke1) into a central F8
varjabje with r and (n;+ng-r) degrees of
freedom, and 51 and Bk represent groups'
1 and k mean resource vectors respective-
ly. 1
Thus, ), =2([(z™1) 1-(z"") ,1'6).
Any+ny-r)/r and the (px(p-1)/2) hypothe-
sis may be tested at any desired level.of
significance respectively upon comparison
of F and , where represents a
critical calue for a significance region
of sizeoX,

3. Posterior Probabilities
The probability that a given stu-

dent will be considered well-classified
or not may be determined in a "Bayesian"
fashion. For instance, consider the
first discrimination iteration, in terms
of resource endowments. In particular,
for a student a, who achieved an xz_iver-

age, five values, x;= A, B, ... E(Z277) x
xb = fx may be computed, and the
maximum £34q= determined. Then, we

may establish a priori, that
P(xz/xl).P(x1)= g(Ell - faxl), choosing a

function g which will achieve a maximum
at g(0), and such that O<g<l. The expo-
nential exp(-(f1 - faxl)), for instance,
fulfills our requirements. Thus, the
posterior P(xl/xz), for 1=1, ..., 5, may
then be computed using Bayes' theorem.
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Alternatively, since (fa¥1-faxk)=
N((Bgy-Exi) s 2(Eq-F)), 1#k, =
((zhk). xby, £ = (271 ) x By if x

xk*fxl)’

X

. ' a a | _ =
is true, and (f <k " f xl)— N(-f

2(5xk - EXI)), k#Z, when X, is true,

pairwise critical regions may be estab-
lished for each student vector.
4. Dependence and Prediction

Whether the postulated hypothesis:
(1) patterns of educational resource use
and outcomes are functionally related,
and (2) inconsistencies of resource use
and outcomes are due to educational goal
differences, are empirically corroborated
or not may be tested in alternative ways.

Contingency tables indicating re-
source classification frequencies for
each alternative outcome, average cum
grades, and goal classification frequen-
cies for each alternative resource clas-
lification within a particular outcome
group may be constructed. Then, Pearson$

approximation may be used to test the
independence of (1) specific, or optimal
patterns of resource use from their cor-
responding outcomes, and of (2) specific,
or optimal patterns of social background
variables from that of alternative re-
source use classification within a partic-
ular educational outcome group.

If resource use patterns can be
used to predict educational outcomes, a
significantly positive correlation be-
tween typical resource patterns and ob-
served outcome classifications will exist.
Analogously, given any specific education-
al outcome level, say average cum grades,
resource use levels inconsistent with
those typical for the average cum in
question will have to be explained by sys-
tematic differences in social background
or goal variable patterns. Thus, simi-
larly "inconsistent" resource vectors will
be positively correlated with social-
background variable patterns. The
Student-t distribution may be used to de-
termine the significance of the sample
correlation coefficients between educa-
tional outcomes and resource-use clas-
sifications, as well as between resource-
use and social background, or goal clas-
sification within a particular educational
outcome group.

The relative frequency of accurate
prediction of attained levels of educa-
tional achievement may be used as an in-
dication of the explanatory ability of



the postulated hypotheses. I call this
ratio the consistency coefficient E=
iij(fiiEi'fij)v where f;;= number of
students a%talning an original classifi-
cation level i, and whose discrimination,
or optimal new classification level is j.
E. Summary of Empirical Findings

Our analysis of the Fairleigh
Dickinson University questionnaire evi-
dence leads to the following empirical
statements:

(1) statistically significant,
distinctive educational re-
source use vectors charac-
terize student average-cum
grade achievements.
Statistically significant,
distinctive social back-
ground or goal vectors
characterize specific dif-
ferences between student ed-
ucational resource use pat-
terns and their correspon-
ding average-cum grade
achievements.

(3) The optimal patterns of ed-

ucational resource use and

' average-cum grade achieve-
ments are dependent and
positively correlated. Both,
dependence and correlation
are statistically signifi-
cant.
The optimal patterns of ed-
ucational background and
resourse use variables,
within particular average-
cum groups of students, are
dependent and positively
correlated. Both, depen-
dence and correlation are
statistically significant.
The explanatory ability with
respect to student average-
cum grades of educational
resource use and social
back-ground patterns ranges
from a third to more than
one half of all observations.
At different average-cum
grade levels, definite pat-
terns of resource use and
goal variable substitution
are observable. Specific
grade levels may be attain-
ed in a number of resource
use and social background or
goal 'variable level combi-
nations.
The analytical methodology
developed appears to be
robust, in the sense that

(2)

(4)

(5)

(6)

(7)
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reversing the order of iteration, or
changing the number of components in the
explanatory vectors will not substanti-
ally alter the empirical conclusions.
Some qualifications to our find-
ings are certainly in order. The
general validity of our quantitative
parameter estimates may be impaired by
the nature of the sample considered. The
biases introduced by probable self-selec-
tivity or respondents, subjective content
of graphic forced-choice questions,
imperfect proxies, restrictiveness of
sample, etc., though unknown, should not
be ignored. Clearly, further testing of
the theory on more comprehensive bodies
of data will serve the purpose of general-
izing our preliminary research. However,
the empirical implications of our con-
clusions are strong as well as eminently
practical: the process of education and
educational achievement can be quantita-
tively assessed and the resulting para-
meter estimates used to devise efficient
plans for university, student, and
faculty resource utilization.
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Hoel, P. G., Introduction to Mathe-
matical Statistics, Third Edition,
New York, 1964, pp. 179ff.

428

7.

See Mahalanobis, P. C., "On the
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